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Abstract:  In this paper, we formalize the power generation problem with stochastic and 
dynamic model that mixed also the operational approach and natural resource economic 
approach. In the hydraulic system, we show that operating needs inter-annual and intra 
annual transfers of water. In order to quantify these transfers, we have computed a numerical 
approximation of optimal release policy as  function both of current state of water resource 
and stochastic inflows realization. We show that inflows uncertainty encourage additional 
storage of water resource. Next, we analyze the hydrothermal coordination problem. We 
show that the hydraulic plant lets the thermal system operating as a dynamic one. Finally, we 
discuss the non-negativity constraint and we show that the sense of transfers depends on the 
role played by thermal technology. 
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1. Introduction  
 
        The power generation is split into several technologies: thermal, nuclear, geo-thermal, 
wind, hydraulic, etc. This diversity needs trade-off between theses technologies in order to 
achieve efficiency in the energy production. 
    The hydraulic power generation is more complicated than the thermal one because the first 
depends on renewable resource. Indeed, water stored in the dam is a potential energy that can 
be renewed by uncertain inflows. The renewable process depends on climatic conditions that 
are uncertain in long term and can be in favor either of high precipitation or low precipitation. 
If the planner does not observe any inflows realization, water stored in the dam constitutes a 
scare resource. Indeed, one unit of water released from the dam constitutes one unit less in the 
future period until the inflows realization. 
    The economic analysis has been turned toward problems in the thermal system. In contrast, 
uncertainty inflows effects on the optimal release policy have been principally analyzed by 
engineering studies such as Little J. D. C (1955), Alberto Tejada-guibert J. (1993). In theses 
latter's, energy supply has been considered as an operational problem where optimal release 
policy is found either by simulation models or by stochastic dynamic programming: S. A. 
Chistensen (1986), Jery R. Stedinger and al. (1984), M. Karamouz and H. V Vasiliasdis 
(1992). In this analysis, they compute not only a numerical approximation of optimal releases 
from dam but also a numerical future benefit. Their methods let possible the incorporation of 
                                                 
1 BP : 743 La Marsa Tunis, Ahlem.Dakhlaoui@ept.rnu.tn 
2 21, allée de Brienne, 31000 Toulouse,  
 several constraints and uncertain and dynamic aspect of renewable resources. Their results are 
useful to decision maker. For economic literature, it is devoted to analyze public service of 
electricity with determinist aspects. The problems analyzed in this literature concern 
principally pricing, investment, production with assumptions compatible with thermal system. 
The economic analysis with inflows uncertainty is scare. This can be explained the few 
number of countries using the water resources in the energy sector. 
    In this paper, we formalize the power generation problem with stochastic dynamic model 
that mixed also the operational engineering approach and natural resource economic 
approach. The methodical approach is to introduce the inflows uncertainty with stochastic 
process in a stochastic dynamic model. To concentrate the analysis, we neglect uncertainty on 
demand and on thermal power generation cost. In addition, we assume that capacity 
production is given and non-extensible in the time. We analyze with infinite time where we 
distinguish between two sub-periods: high demand and low demand. The demand in both 
seasons is known with uncertainty. This model constitutes an extension to deterministic and 
dynamic model of C. Crampes and M. Moreaux (2000). Indeed, we take an explicit form of 
dynamic water stock, which is uncertain in this model. 
    The rest of the paper proceeds as follow. In the section 2, we present the model. Then, in 
section 3, we analyze the hydraulic system operating. We establish the trade-off condition and 
we study the hydroelectric rent growth. In section 4, we deal with hydrothermal coordination 
problem in order to show the importance of technological complementation in the dam's 
releases. We conclude in section 5. 
 
2. The model 
 
    Consider a multi-periods model where electric power is generated by two technologies: 
thermal technology and hydraulic technology. The total output is used to satisfy a known 
demand. Since electric power demand is characterized by fluctuation, then we divide time into 
infinite years indexed by  ; and the year is divided into two seasons, the peak 
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j  ￿ { ,l}. From year to year, we take the assumption of stationary of electricity demand 
function. Since in each season the output of two plants is homogenous then total electric 
power generation is written as the some of thermal plant output,
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    From the hypothesis (i), the utility function is strictly increasing and strictly concave. The 
hypothesis (ii) is useful for the existence of solution program.     The  technical  characteristics  of  the  thermal plant are the following. At each season  j  
during the periodt, the generation of 
jT
t q units of energy from thermal plant needs a total cost 
equals to ()
jT
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q  is a known and a positive constant representing the installed capacity. By this 
hypothesis we neglect the depreciation problem linked to thermal plant operating. In addition, 
the thermal plant has a positive net social utility in the absence of water resource:  









, for all  j ￿ {h,l} 
    The hydraulic plant uses as input a sub-renewable resource stored in a dam. In every year , 
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    We denote by  the current stock and  t S   t+1 f  the inflow assumed to be observed at the end of 
the period t. To simplify we do not consider the technical limit in terms of water turbine and 
we assume that hydraulic generation is costless. The inflows of period   are denoted by a 
random variable 
t
1 t f +  with density probability function  ( )
,
1 t f φ efined on +  d 0 ⎡⎤ ⎣⎦ where  ,F ,  F  
the maximum inflow. In addition, we assume that a random and a stationary process represent 
inflows, {
 is
} 1 0,1,... t t f + = n  defined o 0,F ⎡⎤ ⎣⎦ . 
    The social planner must satisfy an environmental constraint: his storage at the end period 
must be at a known level . Where   is the level at which if it isn't respected, the producer 








t SS + −− ) . This assumption is compatible also 
with a mobile dam and a fixed dam
3. First, if the dam is mobile, then   represents the 
maximum capacity of the fixed part which to simplify is confounded with maximum alert 
level. Consequently, any current stock   beyond the level   represents the supplementary 
water resource stored by closing the gates in order to avoid flood. Second, if the dam is a 
fixed one, then the penalty cost paid by producer is due release policy not compatible with 
flooding period. This case is observed in July1996 in Kénogami dam located in sanguinary 
region in Quebec. During this period, the planner observed abundant inflows in three days, 
which has affected the water level. The water level attends 166.08 meters which exceeds the 
maximum capacity of the dam equals to 165.67 meters. Since the planner doesn't have release 
policy compatible with this flooding period, then this over taking of maximal capacity cause a 
flood with enormous damages. Consequently, the quadratic form penalty cost compatible with 
the area flooded around the dam. Now, if the expected storage at the end of a period t is less 
then the level , then it causes a negative externality on other activity around the dam such as 
navigation, agriculture...etc. Consequently, the quadratic form of penalty function lets the 
producer respects this environmental constraint. Therefore, the net annual social utility 
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0 S  is given 
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0,1,2,... ,,,
hH hT lH lT
ttt t t qqqq
=  be the solution of the latter program. It represents the optimal 
schedule of two-generation processes during the peak season and the off-peak season of the 
year. In the stochastic dynamic programming terminology, this solution is called the closed-
loop policy. Under theses hypothesis, the optimal policy exists and it is unique.
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3. The hydraulic system-operating 
    In order to show the dynamic aspect in the hydraulic system-operating, we first characterize 
the trade off condition between storage and release of potential energy. Second, we compute a 
numerical solution for a linear-quadratic case and we quantify the transfers useful for an 
optimal release policy. 
 
3.1 The hydroelectric rent evolution and the trade off condition 
    The first best outcome is the hydraulic plant output in the peak season and off-peak season 
that maximize the expected inter-temporal social utility function under stochastic dynamic of 
water resource. The resolution of the multi-period problem may be simplified by the writing 
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We take as control variables , the first order conditions are:   ( ,
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 The second order conditions are satisfied since  ( ) .
j u  and  ( ) . t J  are strictly concave function 
and  [ ] 0,1 β ∈  
Proposition 1 The optimal hydraulic system operating needs a trade off between storage and 
release of water resource: 







β + <  then  0
jH
t q =  











    From this proposition, the social planner uses immediately one unit of potential energy in 
peak and off-peak season only if the marginal utility of release is greater than the net value of 
water resource in the dam. By equality, the social planner is indifferent between release and 
storage of water. Consequently, the hydraulic system operating problem is an intrinsically 
dynamic problem that needs trade off between storage and release of potential energy. 
    The optimal output denoted by 
* jH
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of water in the dam at the beginning of period   encourage the use of hydroelectric plant also 
at the peak season and the off-peak season: 
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    Now,  we  study  the  hydroelectric  rent  growth. We first use the optimal output in the 
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        If the expected future storage at the end of period   is equals to the level storage 
(
t
* S { }
*
1 tt ES S + = ). We first add  { }
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1 tt E J +  then we divide by 
,
t J  the equation (  ), we have: 
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    If we have a competitive economy with an interest rate in the financial market equals to , 
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. The result is illustrated by the following proposition. 
Proposition 2 
The expected hydroelectric rent growth depends on the difference between the future storage 
and the level storage : 
* S
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        If the producer sells the energy at the in situ price of water resource, the expected 
hydroelectric rent growth rate is equal to the interest rate. This growth isn't possible only if 
the storage level in the dam equals to . In addition, this evolution isn't infinite because in 
some periods a less penalty cost incites the social planner to release all water in the dam. 
* S
     
    If we assume that the expected storage at the end of period equals to the storage level , 
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 This equation represents the trade off condition between storage and release. The left side is 
the marginal profit comes from use of one unit of water by hydroelectric plant and it is sold as 
electricity with in situ price. The right side is the net marginal benefit of one unit of water 
resource stored in the dam. We remark that storage has two effects: effect on the marginal 
utility and the effect on the in situ price of water: 
    The effect on the marginal utility is represented by the term
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is a negative effect. This term proves that the inter-annual transfer of water from current 
period to the following periods reduces the current release in favor of storage at the end 
period. Consequently, this reduces the marginal utility of the current consumption of 
electricity. 
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a positive effect. It represents the actualized benefit comes from the sold of energy at period 
 produced from water inherited from periodt.  1 t +
 
3.2 Inter-annual and intra-annual transfers 
 
    In  order  to  illustrate  the  intra-annual  and inter-annual transfers, we consider a linear-
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  The numerical resolution of Bellman equation in the linear-quadratic case implies the 
following results. We first write the first order conditions in this particular case. Next, we 
substitute the control variable as a function of the current stock ( ) tt qS. Finally, we substitute 
the optimal output in the Bellman equation in order to solve the Riccati equation by 
indeterminate coefficient method. 
 
Proposition 3 
    The optimal output of the hydraulic system in the peak season and in the off-peak season is 
given by: 
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    The  optimal  hydroelectric  plant output depends on the current stock , on the storage 
level , on the inflows mean 
t S
* S f and on the electric demand in the peak and off-peak season. 
The following table gives the comparative static with respect to theses parameters: 
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Table 1: the comparative static in the hydroelectric system 
 
    In order to analyze the hydroelectric operating system both by inter-annual and intra-annual 
transfers, we denote by  1 t RE +  the renewable effect and   the storage effect.  t SE
     1 t RE +  is defined as the increase in water stock at the end of period t comes from natural 
renewal process of water resource. It is equals to the difference between the inflow 
observation at the end of period t and its mean:  11 tt RE f f ++ = −  
      is defined as the interaction between the increase in inter annual transfers comes from 
preceding periods,   and the increase in the release from the stock at the end of period , 
. 
t SE
t S Δ t
H
tt SE S q =Δ −Δ t
 
The stock effect 
    If the social planner observes an increase in inter-annual transfer of water from period 
to periodt, then it's optimal to increase both the peak season release and the off-peak 
season release with a quantity equals to
1 t −
2 t LS Δ . Since21 L < , then the total increase in current 
release is less then the increase in current stock. Under uncertainty, the social planner prefers 
to storage ( ) 12 t LS −Δ  units of water in order to be used for the satisfaction of the following 
period demand. At the end of period t , we assume that the social planner observes a positive 
renewable effect. Then, the total increase in storage is:  ( ) 11 12 tt SL S R t E + + Δ= −Δ + ; will 
increase the release from the dam at period  1 t +  with a quantity equals to . We notice that the release increases at period   is done on the 
additional reserve inherited from period 
() 1 21 2 2 t LL S R E + −Δ + t 1 t +
1 t −  and from the additional renewable quantity 
stored in the dam at the end of period . The conservation effect at period   is the result of 
interaction of the inheritance effect and the release effect: . 
Since , then we write the total storage effect from period t to period 
1 t +  as 11 t E ++ = proceed at the same way; we can 
find the total release effect and the total storage effect in the 
th i  period’s posterior to periodt. 
The results are presented in the following proposition. 
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Proposition 4 
    For any period t and for any period   posterior to  . If RE is stationary, then the increase 
in the current stock has two effects: 
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For any period   and for any period i posterior tot. If RE is not stationary, then the increase 
in the current stock has two effects: 
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    The two latter propositions show, also under a stationary renewal process and under a non-
stationary renewal process, how the increase in current stock contributes both to an additional 
hydroelectric output and to a supplementary storage of water resource at any period iposterior 
 periodt.  to
 
The mean inflow effect 
    Any increase in inflows mean with a quantity  f Δ  encourages the producer to increase the 






















, then the inflows mean increasing is less then the output increasing. 








 represents the increasing release from the current stock. To 
implement this policy at period  , the off-peak electricity demand can be satisfied by an 
increasing in the additional release of water renewed and stored in the dam at period t with a 











 and the peak electricity demand can be satisfied by an 
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The peak demand effect 
    The producer can satisfy any increase in the peak demand,
h a Δ , also by an increase in the 








and by a decrease in the off-peak 










. In other words, during one period, 
the stock of water can be transferred from off-peak season to peak season in order to satisfy 
any supplementary peak demand. This transfer is called an intra-annual transfer of water 
resource. We notice that the increase in peak demand is less then the intra-annual transfer of 
water. This justify that the inter-annual transfer is used to satisfy the peak demand variation in 









 represents the water transfer from period   
to the following period added to the residual stock
t
1 t S + . Any variation of water resource in 
period   implies both storage effect and output effect. To simplify, we assume that the 
renewable effect is nil, 
1 t +
2 t f f + = . The inter annual transfer increases the hydroelectric output 
in both seasons of period   with a quantity equals to 1 t + 1 t LS + Δ . In the period , we assume 
that off-peak demand in stationary and the peak demand increases at the level . The peak 












. In addition, stock increase of  1 t S + Δ units of water implies an intra annual of 
units of water. Both additional stock and additional demand result a 
conservation effect equals to:
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h a . We proceed at the same way, we show how the 
cumulated intra annual and inter annual water resource transfer resulting from the successive 
increasing in peak demand at  periods posterior to period t can satisfy the demand variation 





    For any period and for   any period   posterior to  . If the successive increase in the peak 
demand is stationary, then it has two effects: 
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    The figure 1 provides a geometric illustration of the importance of water transfers on the 
hydroelectric energy pricing. Let   and   illustrate the linear marginal utility function in 
both seasons. The value function before the demand variation is illustrated byV . The optimal 




( ) 11 , ,
jHj H
tt qP. After the peak 
demand increase in the electric demand, the outputs are indexed by 2. In this illustration we 
show how the intra annual transfer increases the peak output and decreases the off-peak 
output. Since the storage effect, then the electrical operator cannot release all the quantity . 
The scarcity of water resource in the peak season moves the value function from V  toV . 
This movement is in favor to an inter annual transfer of water resource illustrated 
by . This quantity performs the storage effect at period t and which will be used to 
satisfy the demand variation in the following periods. 
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 4. The mixed hydrothermal system operating 
 
    In this section, we analyze the hydrothermal coordination problem in order to show the 
importance of technological complementation in the dam's release. We show that the sense 
and the volume of transfers depend on the role played by thermal technology. 
 
4.1 The importance of technological complementation 
 
    We consider the linear-quadratic case in the mixed hydrothermal system. We assume that 
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 Where   is a positive constant for all season
j c { } , j hl ∈ . We keep the same current value 
function as section 3 with unknown coefficients,   and 
m b
m B . 
    The  numerical  resolution  of  hydrothermal operating problem in a linear-quadratic case 
implies the following results. 
Proposition 8 
    The optimal output of the mixed hydrothermal system in the peak season and in the off-peak 
season is given by: 
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    The optimal output of thermal plant depends on the current stock of water. Despite the 
static characteristic of thermal technology, the hydroelectric plant lets the thermal plant 
operating a dynamic problem. Consequently, any additional water resource increases 
hydroelectric output and decreases the thermal output in different proportion. This 
substitution permits both a saving in marginal cost of thermal operating and a satisfaction of 
electricity demand at an efficient way. The following table gives the comparative static with respect to theses parameters: 
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Table 2: Comparative static in the mixed hydrothermal system 
 
The stock effect 
    Any additional water resource   is in favor of additional release in both peak season and 
off-peak season. The technical complementation implies a substitution of expensive 
technology output with costless technology output in different proportion. This disproportion 
explains the inter-annual transfer of water resource and proves that hydroelectric is a basic 























 in the peak season. The total increase 





















it's optimal in an uncertain renewable process to use only a part of the additional quantity of 
water at period . Thus, the social planner stored  t
H
t Sq t Δ −Δ  in the dam in order to satisfy the 
future electricity demand. If the renewable effect in period t is nil, , then the storage 
effect is equal to 







 . This latter quantity represents the water transfer from period 
 to period . This transfer increases the future stock of water and accordingly reduces the 
thermal operating cost at period t+1. In addition, it's optimal for the producer to reduce the use 
of thermal plant in the peak season with a quantity equal to 
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 . Consequently, the total decrease in 





















represents the supplementary energy comes from substitution of thermal output by hydraulic 
output following the water resource increase in the current period. The advantage of this 










. This substitution isn't possible only with intra annual water transfer from 












The peak demand effect 
    In order to satisfy an additional electricity demand at peak season the producer must use the 
two plants in different proportions. In the peak season, the producer releases 
3
5
h a Δ units of 
water from the dam in the peak season and produces 
1
10
h a Δ units of energy from thermal 
plant. This disproportion is justified by the cost characteristic of hydraulic plant. The increase 
in water use at the peak season isn't possible only by an intra annual transfer of water from 














 . This decrease in hydraulic output in the off-peak season is 
compensated by an increase in thermal output with a quantity equal to 
3
10
h a Δ .The technical 
complementation lets possible the substitution of hydraulic output by thermal output in the 
off-peak season in order to storage water which is used for the satisfaction of any increase in 
future electricity demand. In this linear-quadratic case, the intra-annual transfer is equal to 
 units. This latter transfer satisfies only a part of additional demand since the 




h a Δ . The residual demand can be satisfied by an 
additional use of thermal plant or by a release of additional reserve in the dam (release from 
the inter annual transfer of water from period  1 t −  to periodt). If the stock effect is equal 
to , then, the substitution of hydraulic output by thermal output in the off-peak season is 
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4.2 Different roles played by thermal technology 
    In this section we discuss the non-negativity constraint effect on the role played by each 
technology in the satisfaction of electricity demand at the current period. In the following 
proposition, we present the conditions of the optimal use of two technologies. 
Proposition 9 
    The hydroelectric plant output is strictly positive only if the water value is less then the 
marginal utility of electric consumption: 
 













    The thermal plant output is strictly positive only if the marginal cost is less then the 
marginal utility of electric consumption: 
 











         The non-negativity constraint leads to 8 possible cases of hydrothermal system operating 
that we must exclude the trivial ones. We rule out the case of non-using of any technologies 
(0 , for all   and for all
jT jH
tt qq == t { } , j hl ∈ ). Next, we eliminate impossible cases such as the 
only use of thermal plant in the peak season or the only use of hydraulic plant in the off-peak 
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. We exclude the case analyzed in the preceding sections. There are three 
important cases that must be analyzed. 
 
Thermal as a buffer technology 















































; which implies  . Under theses conditions, it is 
optimal to use the hydraulic technology to satisfy the peak demand and to use the thermal 
technology to satisfy the off-peak demand. The thermal plant can attenuate the negative effect 
of inflows uncertainty. In the peak season, the water resources are exhaustible but not 
uncertain. This assumption lets optimal the use of free technology in order to satisfy a high 
demand at periodt. Then, the hydraulic plant is a peak-season technology in every year. Thus, 
the dam is used to transfer the water resource from peak-season of period t to peak-season of 
period . In the other hand, the producer observes an uncertain water resource renewal. In 
order to avoid the negative effect of uncertainty of electricity supply in the off-peak season, it 
is optimal to use the expensive technology to satisfy a low demand in each period. In this 









    - The first way is to use all current stock in order to satisfy the peak demand,   . In 
the off-peak season, the producer storage inflows and satisfy all the electricity demand by 
thermal plant (  and ). Thus, the intra annual transfer in period t is nil. The 
dam is used to transfer water resource from the off-peak season of period t to peak season of 












tt f q ++ = . 
    - The second way is to share the current stock between the two seasons. In the peak season, 
the producer uses only a part of current stock (
* hH
tt qS <  and 
* 0
hT
t q = ). in order to satisfy all 
the electricity demand. The intra annual transfer is equal to  . The off-peak demand is 
satisfied only by the thermal plant in order to storage the inflows. Thus, the inter annual 
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. It is optimal to use two technologies in both seasons. This policy 
is implemented in a mixed system with abundant water resource. Under theses conditions, the 
hydraulic plant can be used as a basic technology and the thermal plant as a complementary 
technology in both seasons. If the water resource is relatively abundant, then hydraulic plant 





{ } , j lh ∈ . We assume that producer makes a stationary release policy. In other words, the 
producer uses the same quantity of water in both seasons, 
** H lH hH
tt qqq == . We can interpret 
H
q  as a water turbine capacity that is insufficient to satisfy the electricity demand in both 
seasons. Under this conditions, the supplementary demand is satisfied by the thermal plant, 
 . One way to implement this policy is to use a part of current stock to satisfy the 
peak demand and to use thermal plant to satisfy the residual demand. The intra annual is equal 







    - In the first situation, the intra-annual transfer is sufficient to satisfy the hydraulic release 
in the off-peak season:   . In contrast, the hydraulic output is insufficient to 
satisfy the off-peak season demand . In this case, the residual demand in the off-peak 
season is satisfied by the thermal output:  . The technical complementation 
lets possible the storage of inflows in order to satisfy demand in following periods. 
* hH lH
tt t Sq q −=
* ll H
tt qq >
* lT l hH
tt t t qq S q =−−
    - In the second situation, the intra annual transfer added with the inflows realization are 
insufficient to satisfy the off-peak demand,  . The efficient way to satisfy the demand 
is to release all intra annual transfer, to use a part of inflows stored in the off-season and to 
complement with thermal output. The inter annual transfer is the residual part storage in the 




Thermal as a substitute technology 
    In  order  to  be  optimal the use of both technologies in the two seasons, the following 























 , for all  and all t { } , j lh ∈ . This 
policy may be implemented in a mixed system with thermal dominance. In this system, the 
thermal plant is used as basic technology and hydraulic plant as a complement technology. If 
the water resources are relatively scare and if the capacity constraint is bound in both seasons, 
then it is optimal to use the costly technology in the current period. The supplementary 




        In this paper, we have analyzed how to operate also hydraulic system and mixed 
hydrothermal system under inflows uncertainty. The hydraulic system operating is based on 
intra-annual and inter-annual transfers. By distinction between storage effect and renewal 
effect, we have shown how any additional electricity demand encourages storage of water 
resource in order to satisfy any additional future demand. The numerical approximation in the 
linear-quadratic case lets possible the quantification and the visualization of water transfers. 
This numerical analysis is useful to compute the marginal value water stored in the dam, which is a criteria to decide any investment in new electrical technologies. By the mixed 
hydrothermal system, we have shown the importance of technical complementation to 
attenuate the negative effect of inflows uncertainty. The operating of mixed system is based 
on the substitution of costly technology by the costless technology. This substitution isn't 
possible only by potential energy transfers. The thermal technology can appear as a buffer 
technology and the dam is used to transfer water from period to period. In addition, we show 
that thermal system can be a complementary or a basic system in the mixed electrical park 
and the sense of water transfers changes with respect to the role played by the thermal 
technology. For future research we asked the following question: does the merit order 
operating technologies will be respected in a deregulated electrical industry? 
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